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remains near the critical energy state for a period of time,
angular rate sensors could show several changes of sign for
ws. However, this situation should be avoidable through
appropriate selection of devices and sensors.

1t can be seen that the size and location of the control masses
are important quantities, as these dictate the size of the steps in
the energy state and critical energy level. Sufficient change in
I, > must be generated to insure that after weight shift 7* does
not reach I;, before w; changes sign. Also, the dissipative
mechanism used in this simulation is especially effective as
w3 changes sign. Thus, as the weights are returned with ws
going from minus to plus, the added energyis quickly dissipated.
Different damping systems might require that care be taken not
to drive the energy to an excessively high value after the weights
have been returned to their original positions. No attempt
has been made here to quantitatively describe these limiting
parameter values for this situation.

Conclusions

The results of this study indicate that a spinning body can be
reoriented from spin about the minor to spin about the major
axis using passive energy dissipation, utilizing one of three
methods to control the final spin direction. Of these three
methods, two (the moving masses and spinning of internal

J. SPACECRAFT

inertia) result in no change in the inertial angular momentum
vector. Thus, final state is completely dictated by the initial
configuration. The mass expulsion method, while probably
the most flexible, generates some change in the angular momen-
tum vector, which would have'to be evaluated after completion
of the reorientation maneuvers.
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Motion of a Dual-Spin Satellite during Momentum
Wheel Spin-Up
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The stability of a dual-spin satellite system during the momentum wheel spin-up maneuver is treated both
analytically and numerically. The dual-spin system consists of a slowly rotating main body; a momentum
wheel (or rotor) which is accelerated by a torque motor to change its initial angular velocity relative to the
main part to some high terminal value; and a nutation damper. A closed form solution for the case of a sym-
metrical satellite indicates that when the nutation damper is physically constrained from movement (i.e., by
use of a mechanical clamp) the magnitude of the vector sum of the transverse angular velocity components
remains bounded during the wheel spin-up under the influence of a constant motor torque. The analysis is
extended to consider such effect as the motion of the nutation damper during spin-up, and the effect of a non-
symmetrical mass distribution. An approximate analytical solution using perturbation techniques is developed
for a slightly asymmetric main spacecraft. For the case of small mass asymmetry the system behaves similarly
to the case of a symmetrical satellite; whereas for large asymmetry the frequency change in both the angular
velocity components is noted. When the effect of the misalignment of the main spacecraft (spin) principal
axis from the geometrical (polar) axis of symmetry is considered, a problem of stability could arise due to the
Iarge initial amplification of the system nutation angle.

Nomenclature
A,B,C = moments of inertia about X, Y, Z axes, respectively,
for the main body
A,B,C = A, B, C + rotor contribution
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A, B, C = A’, B’, C' + damper contribution
C(x,b) = Boehmer integral appearing in approximate per-
turbation solution

I(1), I(2), I(3) = functions appearing in the particular part of the
approximate perturbation solution

= moment of inertia tensor of satellite main body
i’ j = x’ y 3> z

= restoring spring constant of the torsion wire
support

= damping rate constant

= height of damper plane above X, Z plane

= applied external torque about the quasi-coordinate
axis of symmetry

= rotor torque

= the mass of the main satellite

n
= the total system mass = M + 211 my

L

-
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m = the pendulum end mass
ro = the distance from the nominal spin (Y) axis to the
pendulum hinge point
= the length of the pendulum

S(x,b) = Boehmer integral appearing in approximate per-
turbation solution

K = spin rate of rotor relative to main body

t = time

X, Y,z = principal axes of main satellite

I'(d, ix) = incomplete Gamma function with complex argu-
ment

=1,
&b = damper displacement angle

= angular velocities about the X, Y, Z axes, respect-
ively (i, = x, y, 2)

Introduction

ASELTINE,! Likins,? and Bainum et al.®> have investi-
gated the motion of spinning satellites with nutation
damping together with attitude stability criteria. A dual-spin
spacecraft may be considered to consist of two parts constrain-
ed so that the relative motion between them is restricted to a
common direction fixed in both bodies. Such a system can
resist the effects of external torques because of the combined
resultant momentum of the system, even though one of the
parts may be rotating very slowly (or even with zero inertial
angular velocity). A basic result of dual-spin attitude stabiliz-
ation studies is that the system, depending on the spin rate
and the amount and location of the dampers, may be stable
in spin about an axis of minimum moment of inertia.3

Since 1962, when the feasibility of a dual-spin satellite
system was demonstrated with the Orbiting Solar Ob-
servatory I (OSO-I), the dual-spin concept has been applied
to other satellite systems including the Small Astronomy
Satellite-A (SAS-A), the TIROS-M Meteorological Satellite,
the TACSAT Satellite as well as the advanced versions of the
OSO-series.  The stability theory and design of dual-spin
satellites with various types of nutation damping systems was
described at a symposium on the attitude stabilization and
control of dual-spin satellites.* Considerable attention has
also been made in the recent literature to-the’dynamics and
stability of various types of dual-spin systefis with and without
energy dissipation on both the high spinning part (rotor or
momentum wheel) and the despun portion (or main body).?5

In all of these previous analyses of dual-spin systems it was
assumed that the rotor spins at a constant relative angular rate
with respect to the main part. Of interest in this investigation
is to include the effects of a variable rate of relative rotation
such as may be encountered during the deliberate spin-up
maneuver of the momentum wheel. This can be accomplished
by an onboard torque motor which accelerates the wheel until
the desired relative spin rate is obtained, at the same time the
main part is decelerated as the momentum is transferred
between the main part and the wheel.

The dual-spin Small Astronomy Satellite (SAS-A) was
launched in Dec. 1970. The satellite was designed to scan the
entire celestial sphere to determine the location of X-ray
emitting sources relative to the fixed position of the stars.
No serious attitude stability problems were encountered during
the relatively short time required for wheel spin-up.® Because
of the experience already gained with this operational system,
it was selected as a representative dual-spin system model for
the present analysis.

Analysis

A. Equations of Motion for the Case of a Constant Speed Rotor

The elements of the SAS-A attitude control system are
shown in Fig. 1. - The satellite is comprised of three parts: 1)
the primary part of the satellite, assumed to be essentially a
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Fig. 1 Elements of SAS-A attitude control system.

right circular cylinder where the nominal spin axis is the body
Y-axis, 2) the smaller rotor or momentum wheel which is
assumed to be connected near the center of mass of the primary,
and assumed to be spinning about the Y-axis with a relative
angular velocity, s, with respect to the main spacecraft, and 3)
the pendulous type nutation dampers which are connected to
the primary part and are constrained to move in a plane y = J,
perpendicular to the polar axis (only one of these dampers is
shown in Fig. 1). It is assumed that the dampers are hinged
or pivoted about a torison wire support which offers a restor-
ing (spring) torque in addition to the dissipative torque.”

The nonlinear equations of motion for a dual-spin satellite
with a constant speed rotor can be derived using the quasi-
Lagrangian formulation.® Under the assumptions that w,/
Wy, wzfwy, ¢i/w, are small and also with small angle assump-
tions made relative to the magnitudes of the ¢, the general
equations of motion for the case of a constant speed rotor and
with only one damper, take the following form:3

Adry + (C — Bywyw, — w, In,s — 2mridwyd, =L, - (1)
Bay, + (A — O)w.. + mrs(ro + r)dy = L, (03}

Co, + (E — Aywwy, — mrll(zl +
mrigiw,? + Iyws=L, (3)

rﬁ(l —%)¢.1 - mrJa'Jz—}—mrl(ro—I—h)d),-}—

mrl(ro+ ) $rw,? + mrilow, = —k, — Kb, (4)

where [ = IM/M.

B. Eulerian Approach of the Formulation of the Equations of
Motion for Variable Speed Rotor

The Eulerian approach is considered here so that it will be
possible to distinguish between reaction torques, applied tor-
ques, damping torques and external torques. The angular
momentum of the main body can be expressed as

EM = (A + Idx)wxi+ (B+ Idy)w}'j+ (C + Idz)sz (5)

whereas for the rotor

Ly = I, wr,d + Inywg,j+ In, o,k ®)
Using the familiar relationship
dL dL — —
- === + @XL =2N
dt Space dt Body




762 S. SEN AND P. M. BAINUM

the main body equations can be developed as

(A + Idx)d)x + wywz(c + Idz -
wyw,(B+1;)=No,+R: (D

(B + 1)y + w(A + Ip,) —
wzwx(c + Idz - Ndy + Ry -+ Lm_v (8)

(C + Idz)d)z + wxwy(B + Idy) -
wwf(A+1;;)) =Ns+ R: )

and the rotor equations, similarly:
IRx(bRx + w,,szIRz — IRywszy - NR; '+‘ RRx (10)
IRy(bRy + wsz,IRx - wwa,IR, = NR,, + RR,. (1 1)
Ide’R, + wwayIRy - wwaxIRx = ]VRz + RRz (12)
where I, are the principal moments of inertia of rotor, (i = x,
,2), I, are the moments of inertia of dampers about X,Y,Z,
N, are the damping torques on the main body, R, are the re-
actions (torque) of rotor on main body, Nz, are the (applied)
torques acting on the rotor, Rg, are the reactions (torque) of
main body on rotor, and L., is the motor torque. In Egs.
+ (7-12) the effect of all external torques (e.g., aerodynamic,
solar pressure, gravity-gradient) has been neglected. Sub-

stituting first-order expressions for N, previously derived,?
Eqgs. (7-9) can be written as

(A + Idx)d)x + wywz(c + Idz) -
v w,w(B+ I;) = 2mrilb1, + Re (13)
(B + Idy)d)y + wzwx(A + Idx) - wxwz(c + Idz)
= —mri(ro + )1 + Ry + Ln, (14)
(C -+ Idz)d)z + wxwy(B + Idy) - wxwy(A + Idx)
= mchZ;l —mrilpsw,> -+ R, (15)

The assumptions are, that reaction torques are equal and

opposite, R: = — Rg,, and the inertia (motor) torques about
axes other than the spin axis are zero, i.e., Ng, = Ng, = 0, but
ideally, Nz, = —Ln,, ie., the inertia torque about the spin

axis is equal and opposite to the motor torque. Now com-
bining, Eqs. (10) and (13), Eqgs. (11) and (14), and Egs. (12) and
(15) and noting that,

wg, = wy+ S, wp,=w,; and wg, = wx
we obtain
Adrx+(C — Bywyw, — w.Ins = 2mr I,  (16)
Bay, + (A — C)wws + In$ = —mri(ro+r$s (17
Cir, + (B — Dwwwy + wilp,s = mrld, — mr17¢1@,2 (18)

In addition, the general torque equation for the symmetrical
rotor, (i.e., Ir, = Ir,) is obtained from Eq. (11),

Tny(@y + $) ~ La, (19)

where the approximation has been made that the motor torque
is much greater than the reaction torque about the Y axis, i.¢.,

L,,~Lg,> R,
When § = 0, then Eqs. (16-18) are identical to Egs. (1-3).

C. Stability Analysis for the Special Case of an Undamped Sym-
metrical Satellite

We will consider the system without damping, and a space-
craft symmetrical about the nominal spin axis, i.e., I, =0,
C = A, and Iz, = Ir,. Under these assumptions Egs. (16-18)
take the following form:

Ao+ (A — B)wyw; — wlr,s=0 . (20)

J. SPACECRAFT

Bay 4+ Ir,s=0 1
Ao, + w0 (B — A) + wdzs=0 22)
The general torque equation, Eq. (19) is again
Ir(@; + §) = L,

It should be noted that Egs. (20-22) are exact with no res-
trictions on the magnitudes of w, and w,; also that Egs. (20-22)
and the torque equation are applicable to the general class of
symmetrical dual-spin spacecraft in the absence of damping.

After multiplying Eq. (20) by w. and Eq. (22) by . and
adding then a first integral results as

w,?+ w2 = K;?> = const 23)
Equation (23) indicates that the amplitude of the vector sum of
the transverse angular velocity components is bounded during
spin-up. Equation (21) can be integrated directly, to yield
‘ wy = — [Ip,s + B'w, 0} + Ir,s(0)}/B’ 249
Upon substitution of &, from Eq. (21) into Eq. (19),
e Le
Ir,[1 — (Is,/B)]
Upon integration of Eq. (25)
s = ct + 5(0) (26)

which states that the relative angular velocity of the rotor, for
the case of a symmetrical satellite increases uniformly during
spin-up. ‘

Substituting the values of w, and s into Egs. (20) and (22)
we can get

§ ¢ = const 25)

A’ + w [P + Qfet + 5(0)}]1=0 @n
A'd; — [P + Qfct + 5(0)}] =0 28
where
P = {(4" — B)[w,(0)B’ + Ir,sO)]}/B’
Q0 =[(4"— BY—1Ix,)l/B — Iy,
Equations (27) and (28) are of the form

by + Mo, =0 29
@: — M (H)wx=0 (30)
where
M’ ={P+ Qlet + s(O}/4’
If we let

szM’dt

then Eqgs. (29) and (30) may be written
dw,ldr + w, =0 (€2}
dw./dr — w, =0 32)

which is just the equation of the harmonic oscillator and has
the solution

w,= K, cost=K, cosf M'dt 33

[}
T

w. = K sint = Ky sin| M'ds Gy
0

From consideration of Eqs. (33) and (34) it is apparent that
w4+ w2 =K,2 35)
which compares directly with the first integral, Eq. (23).
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When the nutation damper is physically constrained from
movement, the magnitude of vector sum of the transverse
angular velocity components remains constant during wheel
spin-up under the influence of a constant motor torque. The
stability criteria for this system is based on the magnitude of
the transverse components of the angular velocity. If the
transverse components of the angular velocity do not exceed
the initial values, then it is assumed that no serious stability
problems would be encountered. The implication of Eq. (35)
is the boundedness of this motion during spin-up,

D. Effects of the Misalignment of the Principal Axes from the
Geometrical Axes

For the actual SAS-A spacecraft there is a misalignment of
the principal main body axes from the geometrical (X,Y,Z)
axes. In addition, if the rotor is not perfectly mass balanced
there may also be a misalignment of the rotor principal axes
from the geometrical axes. To consider these possibilities
the first-order nonlinear equations of motion were developed
for both the main body and rotor, as before, but now including
all the cross products of inertia terms for both the main body
and rotor as referenced to the X, Y,Z system. The main body
and rotor equations may be combined as before and expanded
to include first-order small amplitude nutation damping
effects.®> The resulting first-order nonlinear equations in the
coordinates w,,w,,w,, s, and ¢,, are given in Ref. 9.

Equations for the general case where all (or most) of the
cross product terms appear cannot be readily solved analytic-
ally and must be evaluated by numerical integration. How-
ever, these equations will be considered for a special case which
is representative of some of the numerical cases studied later
in this paper.

Special case

The system will be considered for the case where I, = I, =
Vs Ly = I, = 0,C" = A’, Ix,, = Ix,, and all effects of rotor axes
misalignment will be neglected. When it is also assumed that
wyfw, €1, w,/w, <1,y € A" and y < B’, the equations can be
written, for the case of no damping, as

Ao+ (A — Bwyw, — w.lgr,s = y(d: + ww,)  (36)

Boy+Ig, =0 3D
A+ (B — A)wrw, + wolr,,s = YWz — wyw,)  (38)
Tyl + 8) % La, (39

It should be recalled that 4" = A4 + I, and similarly for B’.
This case is dynamically similar to that of a spacecraft having
no misalignment in its principal axes but a small difference
(2y) between each of its moments of inertia about the two
transverse principal axes.®

An approximate solution to Egs. (36-39) using perturbation
techniques will be developed here.- Equations (37) and (39) in
the variables w, and s correspond to Egs. (21) and (19),
respectively, previously developed. These solutions can be
represented as

s = ct + s(0) (40)
wy = w,(0) — ¢t (41)
where
¢y = Ir,c/B’

After substituting Egs. (40) and (41) into Egs. (36) and (38) for
the case where s(0) = 0, there results

A'ws+ (P+ Qet)w, = y[o, + wlw,(0) —c1)]  (42)
A, — (P + Qet)ws = ylar: — w(w,(0) —c1)] 43)
where P and Q have been previously defined after Eq. (28).
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For the case where y <€ 4”and y < | B’ — A’|asolution using
perturbation techniques may be developed by substituting the
zeroth-order solutions for w, and w., Egs. (33) and (34), into
the right-hand side of Eqs. (42) and (43). The zeroth-order
solutions can be represented by

Wz = K cos(x + K») 449
w2, = Ki sin(x -+ K3) 45)
where
o oele+a?
x=x(t) = 7 3

Equation (42) may be differentiated term by term with respect
to time and &, appearing on the left side eliminated by using
(43) to yield

Pl 9“]{wxu> + Qet] + L Losg — weole(0) — Clt)]}
+ Qcw: = Y{ibuo + [0,(0) — €1Jioso — C100s0}  (46)

After elimination of w, by using Eq. (42) and algebraic sim-
plification of all terms appearing with the coefficient “y”,
noting that

Ay

x=1Qc|(t+ a)A’, &xo = — WX, rg = WyoX

and a = P/Qc, there results

@y Dsx + (&) 2 (t+ a)?ws = — YW [wy(O) 4+ 010] @

t+a A A t+a

Following the analogous procedure beginning with Eq. (43)
and eliminating @, and w, terms on the left side, a second-
order differential equation in «w, may be obtained

L Qc 2 2 Y| w(0) + cia
i t+a+(A’) (¢4 ). =75 [ i+a “8)

It is clear that the solutions to the homogeneous parts of
Egs. (47) and (48) are the same as developed previously, namely
Eqgs. (33) and (34). The particular solution can be obtained
by using the method of the variation of parameters.'® It
is convenient to write the complementary solutions as

wx, = Ky cosx + K’ sinx 49)
Wz, = — K, cosx 4 K, sinx (50)
where
K = K, cosK,, K»' = —K, sink,
The particular soution for w, is assumed to have the form
ws, = uy(t)Ky' cosx + u (1)K, sinx &)
subject to the constraint that
i, K’ cosx + K, sinx =0 (52)

After differentiating Eq. (51) term by term with respect to time
the two equations may be solved simultaneously for #; and
4, with the result

. K3 sin2x KaKz’ sinzx
= 4x 2K, x 3
Gy — — KiK' cos’x K3 sin2x (54)

2K, x 4x

The integration of these equations may be facilitated by noting
that

dt = [4'[2] Qc|142x~/2dx (55)

and performing the integration with respect to x.
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The integration is accomplished by using relationships in
Sec. 2.632 of Ref. 11 which are valid for x > 0 and @ = P/Qc¢ >
0. These integrals involve products of exponential functions
with incomplete gamma functions. It should be noted that the
incomplete gamma function with a complex argument, I'(b,ix),
can be related to the Boehmer integrals C(x,b) and S(x,b)
according to!2

T'(b,ix) = e'™*/2[C(x,b) — iS(x,b)] (56)
and
T'(b,—ix) = e~'"/2[C(x,b) + iS(x,b)] 67
where
C(x,b) = f -1 cost dt (59)
SCx,b) = j 121 sint dt (59

x

(for the real part of b << 1) and the Boehmer integrals may be
evaluated by the following series!2

COe,b) = T(B) cos(b—”) _y DR )

2 m=0 2m)!(2m - b)
. . b_7T _ 0 (_ l)mx2m+1 +b
Seb) = T) S‘n( 2\) Z, GmiDiom ity O

It can be verified that for the integrals appearing in Egs. (53)
and (54), b = —4% and no imaginary termos will appear in the
final answer. After some algebra and simplification, utilizing
Ref. 11, Egs. (56) and (57), it can be shown that

uy(t) = (Ko/ Ky WIQ) cosK, + I (2) sink, — I(3) sink>} (62)
ua(t) = (Ka/ K, WI(Q1) sinK, — I(2) cosK; — I(3) cosK,}  (63)

where

_ KK A'2| Q)2 Ko ylw,(0) -+ ¢, al
= 2 s K= —

1 nt*
=—mm [S(’""“E) . ]

1 0
I(2)= bl (—2)72[C(2x,— -2‘) ,t=o]

x
The complete approximate solution for w, can then be re-
presented by

ws = Ky cos(x + K2) + Ki'uy(f) cosx 4 Kyux(f) sinx  (64)

Following the same procedure as explained previously the
complete approximate solution for «w. may be developed as

w, = K, sin(x + K3) — K>'us(t) cosx + Ki'ua(t) sinx (65)
where
us(t) = —(Ka)/(K2H—I(1) sinK, + I(2) cosK, — I(3) cosK2}
ui(t) = (K4) /(K )WI(1) cosK, + I(2) sinK, + I(3) sinkK,}

~ The constants K, and K, can be related to the initial conditions
OoN Wy,w,, Wy, and o,.

K,

*:=0

10)=— %x-lfz

Numerical Results

Since the SAS-A dual-spin spacecraft system was used as
the basis for the mathematical model in the previous analyses,
the following SAS-A spacecraft design parameters were used
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in the numerical calculations:'® s= 209 rad/sec; w, =0.5
rad/sec; M= 132.33 kg; B=28.54 kg-m?; A= C = 27.00
kg-m?; Lg, = 0.8 oz-in. (Ref. 14).

A. Calculations of Spin Rate of Rotor during Spin-Up for the
Symmetrical Satellite

The spin rate of the rotor can be calculated using Eqs. (24—
26). Upon substitution of the values of the Lg,, Iz, and B’
into Eq. (25), § = ¢ = 0.49171863 rad/sec?, and the time for
spin-up obtained from Eq. (26) is 425 sec (compared to the
orbital period of approximately 90 min).

During spin-up for the symmetrical satellite without
damping, Eq. (24) can be used to calculate the change of main
body angular velocity about the spin axis. Substituting the
values of Ix,, B’, and s we obtain, w, — w,(0) = 0.8068922 rpm.
In the actual SAS-A Satellite, its spin rate was observed to be
5 rpm immediately after launch. The wheel was then uncaged
and accelerated. This resulted in a decrease in satellite spin
rate to about 4 rpm.® This change in observed spin rate
during spin-up compares with the 0.8068922 rpm in this cal-
culation.

B. Results of Numerical Integration

In this section the results of numerical integration of the
nonlinear differential equations of motion for the most general
case, i.e., the asymmetrical main part and the symmetrical
rotor and also the effect of damping are presented. The
numerical integration was carried out using the IBM 1130 and
IBM 360/50 electronic computers. The fourth-order Runge-
Kutta method was used to integrate the nonlinear differential
equations of motion. In all numerical results to be presented
here, the main body is assumed to spin with an initial com-
ponent of 0.5 rad/sec and one of the components of the trans-
verse angular velocity, i.e., w.(0) is chosen initially to be
0.000159 rad/sec. All other initial variables are chosen zero.

In the first case considered, the spin-up for the satellite with
a small mass asymmetry on the main spacecraft and damping
isshown. Figure 2a, shows an initial increase in the amplitude
of one of the components of the transverse angular velocity
and a small decay in the amplitude of the transverse angular
velocity vector (especially the w. component). If this initial
rate of decay were projected linearly with time, the resultant
nutation time constant would be 31.79 min compared with the
nominal maximum time constant of 22.3 min for the SAS-A
during nominal performance after the wheel spin-up maneuver.
Figure 2b shows a noticeable growth of damper angle am-
plitude during the time of spin-up. The figure shows a bias
around the value 0.006 rad. The reason for the bias can be

A =26.00 Kg-m2; B = 28.54 Kgm2; C = 27.00 Kg-m2;
m=0.2158 Kg; k =7.00 x 1075 nt-m/rad/sec;
K = 6.10 x 1075 nt-m/rad

240

Py
[}
[=]

=2}
Q

w, & w, ~ RAD/SEC x 106
|
8 o

-160

TRANSVERSE COMPONENTS OF
ANGULAR VELOCITY

-240 1 1 1 1 L | ! 1 |
] 50 100 150 200 250 300 350 400 450

TIME, t, SECONDS

Fig. 2a Time history of the transverse components of main body
angular velocity (satellite with small asymmetry in the main body
and damping).
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240 - A =26.00 Kg-m?; B =28.54 Kg-m2; C = 27.00 Kg-m2;

w m = 0.2158 Kg; k = 7.00 x 10-5 nt-m/rad/sec; K = 6.10
por} x 105 nt-m/rad
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Fig. 2b Nutation damper response during spin-up (satellite with
small asymmetry in the main body and damping).

explained by the fact that during the derivation of the equations
of motion the lateral center of mass shift due to the damper
motion was not included.®>-*®* When one damper is free to
move, this shift could be more noticeable then when a pair of
dampers, diametrically opposed in equilibrium, is used. In
the actual SAS-A postlaunch performance a small damper bias
angle was actually observed.®'® One of the causes for this
phenomenon was the actual lateral shift in the spacecraft
center of mass due to small errors in the final mass balancing
prior to launch.®-1¢

In Fig. 3 the initial and final phases of the time history of
main body angular velocity components are shown for a
spacecraft with a large asymmetry and the nutation damper
activated. A significant increase in the frequency of this
motion is observed. Since the amplitude of the transverse
angular velocity does not exceed the initial value significantly,
no serious stability problem would be encountered here.

Figure 4 shows the time history of the transverse components
of the main body angular velocity considering the total effect
of the misalignment of the principal axes from the geometrical
axes of symmetry. It is seen that during the first 100 sec the
amplitude of both the transverse components of main body
angular velocity increases to approximately 7 times the initial
value. After the first cycle of motion, both the components
of transverse angular velocity show a decay in their amplitude.
Since the stability criteria is based on the boundedness of the
transverse components of angular velocity, a problem of
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Fig. 4 Time history of the transverse components of main body
angular velocity (SAS-A no damping).

stability could be encountered here, especially in the presence of
external torques which are initially and continuously acting on
the main spacecraft. .

A comparison is made between the results of the numerical
integration and the approximate solution for the case which is
dynamically similar to that of a spacecraft with no misalign-
ment in its principal axes, but a small difference between each
of its moments of inertia about the two transverse principal
axes [Egs. (36-39)]. The numerical evaluation of the
approximate solutions, Egs. (64) and (65) for the SAS-A
spacecraft during spin-up was perfoermed for a total time in-
terval of 450 sec with a time step of 1 sec. In Fig. 5 the solid
curve which is the result of the numerical integration shows a
small initial amplification in amplitude of one of the transverse
components (w,) of main body angular velocity.

No initial amplification can be observed from the results of
the approximate solution (shown by dotted lines), but a small
change in phase compared to the results of the numerical
integration is observed from Fig. 5. The case considered in
Fig. 5 could be compared with the case in Fig. 4, where an
initial amplification in amplitude of a factor of seven is
observed for both the transverse components. By observing
the case considered in Fig. 5, it could be concluded that when
the nominal spin axis (polar axis) is no longer a principal axis
(Isy # 0,1,, # 0) the large amount of initial amplification of the
transverse components of main body angular velocity is the

A=10.00 kg-m’; B=2800 kg-m% C=2100 kg-m’;
m=0.2158 kg; k=7.00x10 % it -m /rad/sec;
K=610x10 "5 nt~m/rad

Fig. 3 Time history of the
transverse components of main
body angular velocity (satellite
with large asymmetry in the

main body and damping).
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Fig. 5 Time history of the transverse components of main body
angular velocity (SAS-A no damping).

result. The amplification is more sensitive to a small mis-
alignment between the principal axis of spin and the nominal
spin (geometrical -yy) axis, than to small differences between
the two transverse moments of inertia. The amplification can
further be explained as, when the nominal spin axis is no
longer the principal axis, the motor torque has a component
perpendicular to the nominal spin vector. This perpendicular
component could cause an excitation in the motion about the
transverse axis due to the altering nature of the torque com-
ponent, depending on the relative phasing.

Conclusions

As a result of the present analysis and numerical results the
following conclusions can be made:

1) For the case of a symmetrical satellite with no damping
the magnitude of the vector sum of the transverse angular
velocity remains constant during the wheel spin-up under the
influence of a constant motor torque.

2) The effect of the nutation damper during spin-up is
significant only for the case of an asymmetry in the main space-
craft, where a small decay in the amplitude of the transverse
angular velocity vector is noted. There appears to be little
advantage (or disadvantage) in activating the nutation damper
for the case of no asymmetry.

3) When the effect of the misalignment of the main space-
craft principal axis from the geometrical (polar) axis of sym-

J. SPACECRAFT

metry is considered, a problem of stability could arise due to
the large initial amplification of the amplitude of the trans-
verse angular velocity vector.
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